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We study quantum dynamics of a dark soliton in a one-dimensional Bose gas in an optical lattice
within the truncated Wigner approximation. A previous work has revealed that in the absence of
quantum fluctuations, dynamical stability of the dark soliton significantly depends on whether its
phase kink is located at a lattice site or a link of two neighboring sites. It has also shown that the dark
soliton is unstable in a regime of strong quantum fluctuations regardless of the phase-kink position.
To bridge the gap between the classical and strongly quantum regimes, we investigate the dynamical
stability of the dark soliton in a regime of weak quantum fluctuations. We find that the position
dependence of the dynamical stability gradually diminishes and eventually vanishes as the strength of
quantum fluctuations increases. This classical-to-quantum crossover of the soliton stability remains
even in the presence of a parabolic trapping potential. We suggest that the crossover behavior can
be used for experimentally diagnosing whether the instability of a dark soliton is due to quantum
fluctuations or classical dynamical instability.
I. INTRODUCTION
Solitons are robust nonlinear waves, which are local-
ized and collide elastically with one another like parti-
cles. Soliton solutions in classical systems are described
as analytical solutions of integrable nonlinear equations,
including the Korteweg-de Vries equation [1], the sine-
Gordon equation [2], and nonlinear Schro¨dinger equa-
tions [3]. The nonlinear Schro¨dinger equation with cubic
nonlinearity, namely the Gross-Pitaevskii (GP) equation,
can describe Bose-Einstein condensates (BECs) of ultra-
cold atomic gases in a weakly interacting regime [4]. Ex-
periments with ultracold atoms are suited for studying
dynamical processes of BECs in an ideal situation be-
cause the system is well isolated from environment and
the relaxation time is sufficiently longer than the typical
time scale of interesting dynamical phenomena. Taking
these advantages, previous experiments have extensively
investigated dynamical properties of solitons in atomic
BECs [5–10].
Previous theoretical studies have revealed that a dark
soliton state of a BEC is dynamically stable when the
BEC is a one-dimensional (1D) continuous system [11,
12]. Recent experiments [13–16] have realized highly 1D
BECs, whose radial size is much smaller than the healing
length, enabling exploration of quantum phenomena in
1D systems. Such experimental developments in creating
1D BECs indicate that a stable dark soliton can be exper-
imentally observed in the near future. Since the strength
of quantum fluctuations is widely controllable in the sys-
tem of a 1D BEC by tuning the density, the interatomic
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interaction, or the depth of an optical lattice, previous
works have investigated the effects of quantum fluctua-
tions on a dark soliton by means of various theoretical
methods, such as the Bogoliubov theory [17], the Bethe
ansatz [18], the matrix product states (MPS) [19–21], and
the truncated Wigner approximation (TWA) [22, 23]. In
particular, Mishmash et al. have analyzed stability of a
dark soliton in the presence of an optical lattice in the
classical regime by the Bogoliubov approximation and
in a regime of strong quantum fluctuations by using the
MPS [19]. There is a remarkable difference in the classi-
cal dynamical stability depending on whether the phase
kink of the dark soliton is located at a lattice site or at a
link of two neighboring sites [24]. They have also revealed
that by contrast strong quantum fluctuations destabilize
a dark soliton regardless of its location. Hence, one can
naturally expect that the stability of the dark soliton
changes between the classical regime and the regime of
strong quantum fluctuations.
In this paper, we study the dynamical stability of the
dark soliton of a 1D lattice Bose gas in a regime of weak
quantum fluctuations. First, we reconsider the stability
of the dark soliton in the classical limit by solving the
Bogoliubov equations numerically. The critical interac-
tion strength, above which the soliton state is dynam-
ically unstable, is determined from the condition for a
complex normal-mode frequency to emerge. We discuss
reasons why the soliton stability depends on its kink po-
sition by considering the difference in the energy gain of
the system due to a small-amplitude fluctuation. Second,
we numerically analyze dynamics of the dark soliton in-
cluding quantum fluctuations within the TWA [25–27].
We find that even in the semiclassical regime, quantum
fluctuations significantly affect the stability of the dark
soliton. Specifically, when the strength of quantum fluc-
tuations increases, the distinction in the soliton stability
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2with respect to the kink position gradually disappears.
We show that this disappearance can be attributed to
the fact that stronger fluctuations cause a soliton oscilla-
tion with larger amplitude regardless of the kink position,
thus invaliding the classical stability analysis.
This paper is organized as follows. In Sec. II, we intro-
duce the Bose-Hubbard model, which describes ultracold
bosons in a deep optical lattice. In Sec. III, we review
theoretical methods used for analyzing stability of a dark
soliton. Specifically, in Sec. III A, we formulate a linear
stability analysis of BECs in the classical limit on the ba-
sis of the GP mean-field theory. In Sec. III B, we explain
the TWA, which allows for computation of quantum dy-
namics of the Bose-Hubbard model within the semiclas-
sical regime. In Sec. IV A, we present results of the linear
stability analysis on a dark soliton in a box potential in
a wide range of parameters and discuss reasons why the
soliton stability significantly depends of its kink position.
In Sec. IV B, we analyze the semiclassical dynamics of the
dark soliton in a box potential by means of the TWA. In
Sec. V A and V B, we perform the numerical analyses in
the case that a parabolic trapping potential is present.
In Sec. VI, we summarize our results.
II. MODEL
We consider an ultracold Bose gas elongated in one
spatial direction. We assume that the confinement in the
transverse directions is sufficiently strong so that thermal
and dynamical excitations in the transverse directions
can be safely neglected, i.e., the system is 1D. Such strong
confinement can be created with use of optical lattices
[28, 29] or atom chips [13–16]. We also assume that an
optical lattice is present in the longitudinal direction and
is sufficiently deep. Then, our system can be described
by the Bose-Hubbard Hamiltonian (BHH) [30, 31].
Hˆ =− J
M−1∑
j=1
(bˆ†j+1bˆj + h.c.)
+
U
2
M∑
j=1
nˆj(nˆj − 1) +
M∑
j=1
j nˆj ,
(1)
where J is the nearest-neighbor hopping amplitude, U(>
0) is the on-site interaction coefficient, j is an external
potential, M is the total number of sites, bˆj and bˆ
†
j are the
bosonic annihilation and creation operators at j-th site,
and the number operator nˆj = bˆ
†
j bˆj counts the number
of particles at j-th site. The summation over index j on
the hopping term contains only M − 1 terms under open
(box) boundary conditions.
The ground-state phase diagram of the BHH includes
the superfluid and Mott insulator phases, which are sep-
arated by a continuous quantum phase transition [30].
When the dimensionless parameter, γ = U/(zνJ), is
small, the system favors the superfluid phase, where z
and ν denote the coordination number and the filling fac-
tor, respectively. When ν is integer, the Mott insulator
phase is favored at large γ. The quantum phase transi-
tion across the two phases has been indeed observed in
experiments with ultracold bosons in optical lattices in
1D [32], 2D [33], and 3D [34]. The critical value of the
quantum phase transition at unit filling in 1D has been
obtained as (U/J)c = 3.367 with numerical methods [35].
The critical values of the dimensionless parameter, γc,
for the transitions in 1D, 2D, and 3D have been precisely
determined for arbitrary filling factors in previous liter-
ature [35–44]. Throughout the present work, we assume
that the system is deep in a superfluid region, i.e., γ  1,
where the semiclassical TWA can describe its quantum
dynamics at least qualitatively.
III. METHODS
A. Linear stability analysis in the classical limit
In this section, we review the GP mean-field the-
ory for the BHH, in which dynamics of a BEC is de-
scribed by the discrete nonlinear Schro¨dinger equation
(DNLSE) [45, 46]. We explain how to analyze stability
of stationary solutions of the DNLSE on the basis of the
Bogoliubov equations [47].
The Heisenberg equation of motion for the annihilation
operator bˆj is given by
ih¯
∂
∂t
bˆj =
[
bˆj , Hˆ
]
. (2)
By replacing bˆj with its mean field, 〈bˆj〉 ≡ Ψj , under the
assumption that the quantum and thermal depletions are
negligibly small, we obtain the DNLSE,
ih¯
∂
∂t
Ψj = −J(Ψj+1 + Ψj−1) + U |Ψj |2Ψj + jΨj . (3)
Let us seek a solution of the DNLSE describing small
fluctuations around a stationary solution Φj ,
Ψj(t) = e
−iµt/h¯[Φj + δΨj(t)], (4)
where µ is the chemical potential and Φj obeys the time-
independent DNLSE,
µΦj = −J(Φj+1 + Φj−1) + U |Φj |2Φj + jΦj . (5)
The fluctuation part, δΨj(t), can be expanded as the
following form:
δΨj(t) =
∑
`
[
u
(`)
j e
−iω`t − v(`)∗j eiω
∗
` t
]
, (6)
where u
(`)
j and v
(`)
j are the amplitudes of the `-th nor-
mal mode and ω` is the associated mode frequency. By
substituting Eq. (6) into Eq. (3), we obtain the following
3pair of coupled equations for u
(`)
j and v
(`)
j , namely the
Bogoliubov equations:
−J(u(`)j+1 + u(`)j−1) + 2U |Φj |2u(`)j + ju(`)j
−UΦ2jv(`)j = h¯ω`u(`)j ,
(7)
J(v
(`)
j+1 + v
(`)
j−1)− 2U |Φj |2v(`)j − jv(`)j
+UΦ∗j
2u
(`)
j = h¯ω`v
(`)
j .
(8)
Solving these simultaneous equations, we obtain 2M
eigenvectors (u
(`)
j , v
(`)
j ) and eigenvalues ω`.
The stability of the stationary solution Φj against the
small fluctuations can be identified with the eigenval-
ues and eigenvectors of the Bogoliubov equations [47].
If there exists a normal mode whose Im[ω`] is finite,
the stationary solution Φj is dynamically unstable. If
all the normal-mode frequencies are real and there ex-
ists a normal mode with negative ω` and positive norm,∑
j [|u(`)j |2 − |v(`)j |2] > 0, the stationary solution Φj is
energetically unstable. However, as long as the sys-
tem is well decoupled from the environment as in typ-
ical ultracold-gas experiments, the energetic instability,
called Landau instability, does not make the system un-
stable at sufficiently low temperatures, where the thermal
depletion from the BEC is negligibly small [48]. Other
than these two cases, the stationary solution is stable.
In Sec. IV A, we use the formulation described above in
order to analyze the stability of stationary dark-soliton
solutions. To obtain the stationary solutions, we perform
the imaginary-time propagation of Eq. (3) under the con-
straint condition that the phase of Φj jumps by pi across
the center of the system.
B. Truncated Wigner approximation
In this section, we briefly review the TWA method ap-
plied to the BHH [25–27]. A quantum state can be in
general described by a distribution function in a classi-
cal phase space. With the phase space method, the time
evolution of quantized particles or fields can be expressed
by the Wigner function W (~α, ~α∗, t), which corresponds
to a quasi-probability distribution and the Wigner-Weyl
transform of the density matrix ρˆ(t). In the TWA for
BHH, we consider a 2M -dimensional phase space of a
complex-valued vector ~α = (α1, α2, · · ·αM ). The time
evolution of the Wigner function can be obtained by per-
forming the Wigner-Weyl transform of the von-Neumann
equation as
ih¯
∂
∂t
W (~α, ~α∗, t) = 2HW (~α, ~α∗) sinh
(
Λc
2
)
W (~α, ~α∗, t),
(9)
where HW = (Hˆ)W is the Wigner-Weyl transform of
Hamiltonian, Λc =
∑
j
[←−
∂ αj
−→
∂ α∗j −
←−
∂ α∗j
−→
∂ αj
]
is the
symplectic operator acting on c-number functions defined
in the phase space [26, 27]. The expectation value of an
operator Aˆ(t), which is expressed by 〈Aˆ(t)〉 = Tr[ρˆ(t)Aˆ],
can be described as
〈Aˆ(t)〉 =
∫
d~αd~α∗W (~α, ~α∗, t)AW (~α, ~α∗), (10)
where d~αd~α∗ = pi−M
∏
j dRe[αj ]dIm[αj ], AW = (Aˆ)W is
the Wigner-Weyl transform of Aˆ [26, 27].
The complete information about the quantum dynam-
ics can be obtained by solving Eq. (9). However, it
is difficult to solve Eq. (9) exactly. Instead, we per-
form a semiclassical expansion of the right hand side of
Eq. (9) with respect to the symplectic operator Λc. If
one neglects higher-order terms of O(Λ3c), which is called
TWA [25–27], then the time evolution of the Wigner
function is described by the classical Liouville equation
ih¯∂tW ≈ {HW ,W}P.B. = HWΛcW . Here the bracket
{·, ·}P.B. represents the Poisson bracket defined in the
phase space. In the TWA, the Wigner function is con-
served in time along the classical trajectories, which are
solutions of the DNLSE,
ih¯
∂αcl,j
∂t
=
∂HW
∂α∗cl,j
. (11)
By replacing αcl,j with ψj , one can write the explicit form
of the DNLSE,
ih¯
∂ψj
∂t
=− J(ψj+1 + ψj−1)
+ U(|ψj |2 − 1)ψj + jψj .
(12)
The expectation value of an operator Aˆ(t) can be reduced
to a semiclassical form,
〈Aˆ(t)〉 ≈
∫
d~ψ0d~ψ
∗
0W0
(
~ψ0, ~ψ
∗
0
)
AW
[
~ψ(t), ~ψ∗(t)
]
,
(13)
where ~ψ(t) = ~ψ
(
~ψ0, ~ψ
∗
0 , t
)
is a solution of the DNLSE
for an initial classical field ~ψ0. The initial classical fields
distribute over the phase space according to the Wigner
function of the initial quantum state, W0 ≡ W (t = 0),
which describes a leading-order correction of quantum
fluctuations to the mean-field solution [49]. If γ = 0 in
BHH, corresponding to U/J = 0 or ν = ∞, the semi-
classical approximation becomes exact. As long as the
condition γ  1 is satisfied, the TWA captures quantum
dynamics of the BHH at least qualitatively [27, 50].
We assume that the system is initially in a direct-
product state of the local coherent state labeled by a
complex number ψ¯j ,
|Ψini〉 =
M⊗
j=1
eψ¯j bˆ
†
j−ψ¯∗j bˆj |0〉 , (14)
where |0〉 is the vacuum of the lattice bosons. Plugging
ψ¯j = Φj into each coherent state and performing the
4Wigner-Weyl transform of this pure state, we have the
following distribution function as W0 [27]:
W0
(
~ψ0, ~ψ
∗
0
)
=
M∏
j=1
{
2 exp
[−2|ψj,0 − Φj |2]} . (15)
We recall that Φj is a solution of the time-independent
DNLSE (5), which is a dark-soliton state in the calcu-
lations below. For all computations of the TWA in real
time, we perform Monte-Carlo sampling of 50000 ran-
dom initial states of the classical fields according to the
probability distribution of Eq. (15) and use the standard
fourth-order Runge-Kutta routine for time evolution.
The coherent state of Eq. (14) is the ground state of
the BHH at νU/J = 0 [27]. However, we choose this
type of state as an initial state for time evolution of a
dark soliton at finite νU/J . Our main motivation for
this choice is that the Wigner function of the coherent
state takes the Gaussian form of Eq. (15), which is rather
simple from a theoretical viewpoint. We aim to address
effects of the quantum fluctuations generated by the sim-
ple Wigner function on the stability of a dark soliton.
It is worth noting that while the choice of the coherent
state makes it difficult to prepare the same initial state
in experiments, it is still feasible with currently available
techniques. Specifically, one can utilize the Feshbach res-
onance to set U = 0 and also can design the external
potential j , e.g., with use of a digital micromirror de-
vice [51] in such a way that the density profile of the
ground state almost coincides with that of a dark-soliton
state at finite νU/J . By applying the phase imprinting
method [5, 6, 8] to the prepared state and quench νU/J
towards a desired value, the subsequent dynamics mimics
time evolution of a dark soliton at the finite νU/J in the
presence of quantum fluctuations generated by the ini-
tial coherent state, which we will study in the following
sections.
IV. SYSTEM WITH A BOX POTENTIAL
In this section, for theoretical simplicity, we assume
that j is homogeneous and the boundary condition is
open. This means that a Bose gas is confined in a box
potential. While a trapping potential of parabolic shape
is used more often in experiments for confining ultracold
gases, some previous experiments have successfully con-
fined ultracold gases in box potentials [52–54].
A. Classical regime
In Fig. 1, we show the spatial profile of the station-
ary solutions Φj of the DNLSE at κ = 0.5 for M = 30
and 31 that possess a dark soliton at the center of the
system, which are obtained by the imaginary-time prop-
agation of Eq. (3). Notice that the dimensionless param-
eter κ ≡ νU/J quantifies the strength of the nonlinear
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FIG. 1. The spatial profile of the stationary solutions Φj at
κ = 0.5 and ν = 2000 for (a)M = 30 and (b)M = 31. The
solid lines are guide to the eye. xctr = (M + 1)/2 denotes the
central position of the system.
term relative to the hopping term in the DNLSE [55].
It is clearly seen that the phase kink of the dark soli-
ton for M = 31 is located at the central site while that
for M = 30 is located at the link between the two cen-
tral sites [56]. For later convenience, we call the former
“a site soliton” and the latter “a link soliton”, respec-
tively. Previous studies have shown that the difference
in the kink position significantly affects the stability of
the dark-soliton solutions in the classical limit [20, 24].
In this section, we briefly review the linear stability anal-
ysis of Ref. [20] and discuss reasons why the stability of
the dark soliton depends on the kink position. We also
extend the linear stability analysis to a wider parameter
region.
Figure 2 depicts the frequency h¯ω1/J of the normal
mode that is relevant to the energetic and dynamical in-
stabilities of the dark soliton as a function of κ. When
κ is smaller than a certain critical value κc ' 0.3, h¯ω1/J
is real and negative for both M = 30 and 31. This nor-
mal mode corresponds to an oscillation of a dark-solition
position around the center of the system [20]. When κ
exceeds κc, the real part of h¯ω1/J vanishes and its imag-
inary part emerges in the case of M = 30, signaling the
dynamical instability of the link soliton. By contrast,
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FIG. 2. Frequency h¯ω1/J of the normal mode that is relevant
to the energetic and dynamical instability of the dark soliton
as a function of κ, where M = 30 (red triangles) and 31 (blue
circles). (a) displays h¯ω1/J in the small-κ region, 0 ≤ κ ≤ 0.6,
for both M = 30 and 31, which is a reproduction of Fig. 11 of
Ref. [20]. (b) and (c) display h¯ω1/J in the expanded region,
0 ≤ κ ≤ 14, for M = 30 and 31, respectively.
when κ increases above κc in the case of M = 31, the
real part of h¯ω1/J grows. As shown in Fig. 2(c), when κ
exceeds κ ' 0.7, the imaginary part of h¯ω1/J starts to
grow, signaling the dynamical instability of the site soli-
ton, but behaves rather irregularly. This irregular behav-
ior is due to the crossing with anti-modes whose norm is
negative, i.e.,
∑
j [|u(`)j |2 − |v(`)j |2] < 0. It is known that
such a coupling between a mode and anti-modes results
in the emergence of dynamical instability [57]. Indeed,
Im(h¯ω1/J) vanishes when κ > 13, in which |Re(h¯ω1/J)|
is larger than the frequencies of all the other modes so
that there is no anti-mode coupled with the normal mode.
Thus, the dynamical stability of the dark soliton signifi-
cantly depends on the location of its kink.
Let us discuss mechanisms how the difference between
the link and site solitons with respect to the dynamical
stability emerges. For this purpose it is useful to pay
attention to the three important length scales, namely
the lattice spacing d, the system size L = Md, and the
healing length ξ = d
√
2/κ. In the limit of κ → 0, ξ
diverges such that the condition ξ  L  d holds. In
this situation, the dark soliton state reduces to the first
excited state of the linear Schro¨dinger equation and the
size of its density notch is set by L.
In the region of 0.05 ≤ κ ≤ 0.2, where the condition
L ξ  d holds, the size of the density notch is compa-
rable to ξ. There the continuous approximation is safely
valid so that the site and link solitons are almost equiva-
lent to each other. In this region, h¯ω1/J approaches zero
with increasing κ for the following reason. In a continu-
ous system, the system in the ground state has approxi-
mate translational symmetry and the presence of a dark
soliton breaks the symmetry. This means that the dark-
soliton state has a Nambu-Goldstone mode with ω = 0.
When κ increases, the healing length ξ decreases so that
the normal mode with the frequency ω1 approaches the
Nambu-Goldstone mode.
In the region of κ >∼ κc, ξ is comparable to d so that
the continuous approximation breaks down. Then, the
difference between the site and link solitons becomes re-
makable. Specifically, in the region of ξ  d, a small fluc-
tuation from the site soliton decreases the total energy
of the system because the presence of a density hole at a
site costs a significant amount of the interaction energy.
This indicates that h¯ω1/J for the site soliton should take
a large negative value at large κ and this is the case re-
alized in Fig. 2(c). By contrast, a small fluctuation from
the link soliton increases the total energy because it digs
a hole in the central sites. This indicates that h¯ω1/J
for the link soliton should take a large positive value at
large κ. However, since h¯ω1/J is negative in the small-κ
region, h¯ω1/J has to touch zero at a certain κ, which is
nothing but κc, before the sign change. The touch on
zero of h¯ω1/J results in the coupling to the anti-mode
of itself, leading to the emergence of the dynamical in-
stability. The dynamical instability caused by a similar
mechanism has been seen in a dark soliton of a 1D BEC
pinned by a repulsive potential barrier [58].
In the following section, we will analyze the stability of
the dark soliton within the semiclassical regime, focusing
on the region of κc ≤ κ ≤ 0.7 where the dark soliton is
dynamically unstable only if M is even.
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FIG. 3. Time evolution of the density profile in the system with a box potential for γ = 6.25 × 10−8, κ = 0.5 and ν = 2000.
(a) and (b) represent the density profile in a single shot for M = 30 and 31. (c) and (d) represent the density profile averaged
over all the TWA samples, corresponding to its quantum average, for M = 30 and 31.
FIG. 4. Time evolution of the density profile in the system with a box potential for γ = 1.0 × 10−4, κ = 0.5 and ν = 50. (a)
and (b) represent the density profile in a single shot for M = 30 and 31. (c) and (d) represent the quantum average of the
density profile for M = 30 and 31.
B. Weakly quantum regime
In this section, we analyze the semiclassical dynam-
ics of a dark soliton within the TWA. According to the
previous studies using the MPS method, a dark soliton
is dynamically unstable in a regime of strong quantum
fluctuations, even if the soliton is dynamically stable in
the classical regime [19, 20, 59]. This indicates that the
dynamical stability of a dark soliton changes between the
two regimes. In order to corroborate the switch of the
dynamical stability due to quantum fluctuations, we per-
form TWA analyses of soliton dynamics for a wide range
of γ ≡ U/(zνJ), which controls the strength of quan-
tum fluctuations, while fixing the value of κ ≡ νU/J .
7Specifically, in the case of a box potential, we set the
nonlinearity strength as κ = 0.5, at which the site soliton
for M = 31 is dynamically stable while the link soliton
for M = 30 is dynamically unstable. It is worth noting
that in the regime of weak quantum fluctuations that is
treated in the present work the average filling factor ν is
as large as 30 ≤ ν ≤ 5000 and κ ≤ 0.7. In such a param-
eter region, it is practically impossible to compute the
soliton dynamics by means of the MPS method because
the size of the local Hilbert space is too large.
In Fig. 3, we show the time evolution of the density pro-
file for ν = 2000, where quantum fluctuations are weak.
The initial state for the time evolution possesses a stand-
ing dark soliton at the center of the system. Figures 3(a)
and (b) represent dynamics in a single shot arbitrarily
chosen among the TWA samples for M = 31 and 30.
In Fig. 3(a), we see that the site soliton remains local-
ized near the center during the time evolution, i.e., it is
dynamically stable. In Fig. 3(b), we see that the link
soliton departs away from its initial position in an early
stage and moves over a broad range of the system in a
later stage, i.e., it is dynamically unstable. These results
are consistent with the classical linear stability analysis
presented in Sec. IV A. Figures 3(c) and (d) represent
the time evolution of the quantum average of the density
profile, 〈nˆj(t)〉. While the behavior of the site soliton is
almost identical to the single shot (compare Fig. 3(c) with
(a)), the notch in the average density of the link solition
becomes filled as time evolves in contrast to the single-
shot result (compare Fig. 3(d) with (b)). This happens
because the link soliton moves depending on a random
initial velocity in each single shot and averaging such ran-
dom motions of the density notch leads to the apparent
disappearance of the notch [17, 21, 60].
In Fig. 4, we show the time evolution of the density
profile for stronger quantum fluctuations, say ν = 50. In
a single shot shown in Figs. 4(a) and (b), we see that for
both cases of M = 31 and 30 the dark soliton departs
away from its initial position in an early stage and moves
over a broad range of the system in a later-time stage.
In the quantum average, the density notch of the dark
soliton becomes filled in a short time. Thus, in the regime
of relatively strong quantum fluctuations, both of the site
and link solitons are dynamically unstable in contrast to
the results of the classical stability analysis.
In order to quantify the change in the stability of the
dark soliton, we calculate the decay time τc [20], which
can be extracted from the soliton contrast,
C(t) ≡ 〈nˆmax〉 − 〈nˆmid〉〈nˆmax〉+ 〈nˆmid〉 , (16)
where 〈nˆmax〉 is the maximal averaged density over all
sites j and 〈nˆmid〉 is the averaged density at the center
of the system. At the initial time, t = 0, the averaged
density at the center satisfies 〈nˆmid(0)〉 ' 0 because the
dark soliton is located at the center of the system. If
the notch of the averaged density decays over time, the
soliton contrast approaches C ' 0 from C(0) ' 1. We
M = 30 (link soliton)
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FIG. 5. Classical-to-quantum crossover of the stability of the
two types of dark soliton in a box potential by quantum fluc-
tuations for κ = 0.5. We show the dependence of the decay
time τcJ/h¯ on quantum-fluctuation strength 1/ν for M = 31
and M = 30. When 1/ν increases, τcJ/h¯ of the site soliton
approaches that of the link soliton.
define the decay time τc as the half-life of C from the
initial value C(0),
C(τc)
C(0)
=
1
2
. (17)
In Fig. 5, we show the decay time τcJ/h¯ versus 1/ν for
M = 30 (red triangles) and 31 (blue circles). Here 1/ν
is proportional to
√
γ, which characterizes the strength
of quantum fluctuations, because we fix κ. In a regime
of weak quantum fluctuations, e.g., 1/ν ≤ 0.001, τcJ/h¯
for M = 31 is much larger than that for M = 30, re-
flecting the difference between the classical stabilities of
the site and link solitons. When 1/ν increases, the former
τcJ/h¯ approaches the latter. In the region of 1/ν ≥ 0.005,
both τcJ/h¯ coincide with each other. Thus, by calculat-
ing τcJ/h¯ versus 1/ν we have successfully identified the
crossover behavior of the dark-soliton stability from the
classical regime to the quantum regime.
The dynamical instability due to quantum fluctuations
can be attributed to a large-amplitude oscillation induced
by the initial random noise present in the TWA calcula-
tions. In order to corroborate this scenario, we show in
Fig. 6 (a) the standard deviation of the initial position
of the soliton notch ∆xkink/d and (b) the averaged am-
plitude of soliton oscillations during the time evolution
A/ξ as functions of 1/ν. On the one hand, in Fig. 6
(a), we see that ∆xkink is much smaller than d over the
parameter region, in which the crossover happens. This
means that the fluctuation in the initial position of the
soliton notch is not a main cause for the quantum dy-
namical instability. On the other hand, the amplitude
A increases with increasing 1/ν to become comparable
to ξ in the crossover regime. Since the classical linear
stability analysis is valid under the assumption that am-
plitude of normal modes is small, the emergence of the
oscillation with the amplitude comparable with ξ implies
the breakdown of the classical picture.
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M = 31 (site soliton)
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FIG. 6. The two length scales related to the effect of quantum
fluctuations on the dark soliton for κ = 0.5. (a) The standard
deviation of the initial position of the density notch ∆xkink in
unit of the lattice constant d versus the fluctuation strength
1/ν for M = 31 (blue circles) and M = 30 (red triangles). (b)
The oscillation amplitude estimated by the initial velocity A,
estimated by the initial velocity, in unit of the healing length
ξ versus 1/ν for M = 31.
V. SYSTEM WITH A PARABOLIC TRAP
POTENTIAL
In this section, we consider a situation in which a 1D
lattice Bose gas is confined in a parabolic trap potential.
In our formulation, this corresponds to setting j in the
BHH (1) as
j = Ω(j − xctr/d)2. (18)
The coefficient Ω is related to the trap frequency ωz as
Ω = 12mω
2
zd
2, where m denotes the bare mass of the bo-
son. Since a parabolic trap potential is present in typical
ultracold-gas experiments, it is important to investigate
whether or not our findings for a box potential shown in
Sec. IV, especially the classical-to-quantum crossover of
the soliton stability, are relevant even in the presence of
the trap potential.
For a systematic analysis of quantum-fluctuation ef-
fects on the soliton stability, we need to control the size
of the gas R and the filling factor at the center of the
system ν. Notice that we define R and ν as those of the
ground state because ν in the dark soliton state is nearly
equal to zero. In the case of a box potential, R is simply
equal to L and ν is approximately given by ν = N/M as
long as ξ  L, where N is the total number of particles.
By contrast, in the presence of a parabolic potential, R
and ν significantly depend not only on N but also on
Ω/U . Specifically, when the nonlinearity of the DNLSE
is strong enough for the condition R az to be satisfied,
the Thomas-Fermi approximation provides the following
analytical expression [47, 61],
R = 2
(
3UN
4Ω
) 1
3
d, (19)
νTF =
(
9N2Ω
16U
) 1
3
, (20)
where az = d(J/Ω)
1
4 denotes the harmonic oscillator
length and νTF means the filling factor at the trap cen-
ter within the Thomas-Fermi approximation. The length
scale RTF = R/2 is often called the Thomas-Fermi ra-
dius. Using Eqs. (19) and (20), we adjust the three pa-
rameters N , Ω/J and U/J in such a way that R, νTF,
and κTF ≡ νTFU/J become desired values. In the calcu-
lations shown below, we set R = 30. Moreover, we set
M = 51 (M = 50) for the case of the site (link) soliton.
A. Classical regime
Figure 7 depicts the spatial profile of Φj of the dark-
soliton solutions at κTF = 1.0 for M = 50 and 51 in the
presence of a parabolic trap potential. We perform the
classical linear stability analysis of such soliton solutions
on the basis of the Bogoliubov equations for various val-
ues of κTF. Figure 8 depicts the frequency h¯ω1/J of the
normal mode that is relevant to the energetic and dy-
namical instabilities of the dark soliton as a function of
κTF.
We see in Fig. 8(a) that for κTF <∼ 0.3, |h¯ω1/J | in-
creases as κTF increases. This is in stark contrast to
the case of a box potential shown in Fig. 2(a). The
reason for this behavior is rather simple. When κTF
increases for fixed R and νTF, Ω/J increases. Since
h¯ω1/J ' −
√
2Ω/J in the continuum limit [12], the value
|h¯ω1/J | increases with Ω/J . The tendency of h¯ω1/J in a
region of larger κTF is similar to the case of a box poten-
tial. On the one hand, when κTF exceeds a certain critical
value (κTF ' 0.75), Re(h¯ω1/J) vanishes and Im(h¯ω1/J)
becomes finite for M = 50, signaling the dynamical in-
stability of the link soliton. On the other hand, when
κTF exceeds another certain critical value (κTF ' 0.6),
Re(h¯ω1/J) keeps growing but Im(h¯ω1/J) becomes finite
for M = 51 due to the coupling with anti-modes, signal-
ing the dynamical instability of the site soliton. How-
ever, we emphasize that there is the parameter region
0.95 ≤ κTF ≤ 1.1, in which the site soliton is dynami-
cally stable while the link soliton is dynamically unstable
as is the case analyzed in Sec. IV.
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FIG. 7. The spatial profile of the stationary solutions Φj at
κTF = 1.0 and νTF = 1000 for (a)M = 50 and (b)M = 51.
The solid lines are guide to the eye.
B. Weakly quantum regime
In this section, we present results of semiclassical dy-
namics of a dark soliton in a parabolic potential ob-
tained by using the TWA. Since our main purpose here is
to corroborate the relevance of the classical-to-quantum
crossover, which we found for a box potential, to the case
of the parabolic potential, we set κTF = 1.0, at which the
site (link) soliton is dynamically stable (unstable) in the
classical limit.
Figure 9 depicts the time evolution of the average den-
sity profile, 〈nˆj(t)〉, for (a) M = 51 and (b) M = 50.
The initial state for the time evolution possesses a stand-
ing dark soliton at the center of the system. There we
set ν = 1000, at which quantum fluctuations are rather
weak. We see that the site soliton for M = 51 shown in
Fig. 9(a) is dynamically stable while the density notch of
the link soliton for M = 50 in Fig. 9(b) decays in time.
In short, the stability of the dark solitons in this regime
of very weak quantum fluctuations is consistent with the
classical stability as is the case in the system with a box
potential.
In Fig. 10, we take ν = 30, at which quantum fluctu-
ations are relatively strong, and show the time evolution
(a)
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M = 50 (link soliton)
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M = 51 (site soliton)
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FIG. 8. Frequency h¯ω1/J of the normal mode that is relevant
to the energetic and dynamical instability of the dark soliton
as a function of κTF, where M = 50 (red triangles) and 51
(blue circles). (a) displays h¯ω1/J in the small-κTF region,
0 ≤ κ ≤ 1.2, for both M = 50 and 51. (b) and (c) display
h¯ω1/J in the expanded region, 0 ≤ κTF ≤ 14, for M = 50
and 51, respectively.
of the average density profile for (a) M = 51 and (b)
M = 50. The density notches of both site and link soli-
tons decay in time, meaning that both are dynamically
unstable. Since the site soliton is dynamically stable in
the classical limit, its instability should be due to quan-
tum fluctuations.
In order to quantify the classical-to-quantum crossover
of the soliton stability, we show in Fig. 11 the decay time
10
FIG. 9. Time evolution of the density profile in the system with a parabolic trap potential for κTF = 1.0 and νTF = 1000. (a)
and (b) represent the density profile averaged over all the TWA samples, corresponding to its quantum average, for M = 50
and 51.
FIG. 10. Time evolution of the density profile in the system with a parabolic trap potential for κTF = 1.0 and νTF = 30. (a)
and (b) represent the density profile averaged over all the TWA samples, corresponding to its quantum average, for M = 50
and 51.
of the soliton contrast τcJ/h¯ as a function of 1/νTF.
In a regime of very weak quantum fluctuations, say
1/νTF ≤ 0.002, τcJ/h¯ for the site soliton is much larger
than that for the link soliton, corresponding to the clas-
sical regime. When 1/νTF increases, τcJ/h¯ for the site
soliton approaches that for the link soliton. They almost
coincides with each other when 1/νTF ≥ 0.01. Thus,
the system with a parabolic trap potential exhibits the
classical-to-quantum crossover with respect to dynamical
stability of the two types of dark soliton, as seen in the
system with a box potential.
VI. CONCLUSIONS
In conclusion, we have investigated the stability of a
dark soliton in a one-dimensional lattice Bose gas, focus-
ing on effects of weak quantum fluctuations on it. First,
we revisited the stability analysis in the classical regime
on the basis of the Gross-Pitaevskii mean-field theory to
clarify reasons why the stability of a dark soliton differs
depending on whether its phase kink is located at a lat-
tice site or a site at two sites. The link soliton is dynam-
ically unstable when the nonlinear parameter κ = νU/J
is larger than a critical value. By contrast, there are some
range of κ in which the site soliton is dynamically stable
above the critical value. The dependence of the insta-
bility results from the difference of energy gain by small
M = 50 (link soliton)
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M = 51 (site soliton)
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FIG. 11. Classilal-to-quantum crossover of the stability of
the two types of dark soliton in a parabolic trap potential
by quantum fluctuations for κTF = 1.0. We show the de-
pendence of the decay time τcJ/h¯ on quantum-fluctuation
strength 1/νTF for M = 51 and M = 50. When 1/νTF in-
creases, τcJ/h¯ of the site soliton approaches that of the link
soliton in both potentials.
oscillations, which is determined by the competition of
three length scales, the box size M , the healing length
ξ and the lattice constant d. Although the dynamical
instability of the link soliton can be explained by this
mechanism, we reported the emergence of the dynamical
instability for the site soliton due to a different mecha-
nism for the large κ region.
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To elucidate the effects of weak quantum fluctuations
on the soliton stability, we analyzed the time-evolution of
a dark soliton under a box potential and a harmonic po-
tential within the truncated Wigner approximation. We
numerically showed that when the strength of quantum
fluctuation increases, the lifetime of a site soliton gradu-
ally approaches that of a link soliton in both the poten-
tials. This means that the distinction in the two-types
of dark soliton, which is present in the classical limit, is
smeared out by quantum fluctuations. This finding en-
ables us to distinguish the instability of a dark soliton
due to quantum fluctuations from the classical dynam-
ical instability by observing the difference in dynamics
between the two types of dark solitons. We also discussed
a mechanism for quantum fluctuations to destabilize the
dark soliton and revealed that quantum fluctuations am-
plify the oscillation of the site soliton, which leads to its
destabilization.
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